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Abstract

Weproposeafamily of complex differentialoperators,symmetryderivatives,for pattern
recognitionin images.Wepresentthreetheoremsontheirpropertiesasappliedto Gaussians.
Theseshow thatall ordersof symmetryderivativesof Gaussiansyield compactexpressions
obtainedby replacingtheoriginaldifferentialpolynomialwith anordinarypolynomial.Just
like Gaussians,thesymmetryderivativesof Gaussiansare(form) invariantto Fouriertrans-
form, thatis they arerescaledversionsof theoriginal. As a result,thesymmetryderivatives
of Gaussiansareclosedundertheconvolution operator, i.e. they mapon a memberof the
family whenconvolved with eachother. SinceGaussiansareutilized extensively in image
processing,therevealedpropertieshave practicalconsequences,e.g. whendesigningfilters
andfiltering schemesthatareunbiasedw.r.t. orientation(isotropic). A useof theseresults
is illustratedby an application: trackingthe crossmarkers in long imagesequencesfrom
vehiclecrashtests.The implementationandtheresultsof this applicationarediscussedin
termsof thetheoremspresented,alongwith conclusions.

1 Intr oduction

Let thefirst symmetryderivative bedefinedasoqp&rtsYoquwv xxVy rtszxx�{ (1)

which resemblestheordinarygradientin 2-D. However, whenit is appliedto a scalarfunc-
tion |]}@y�~�{N� , it resultsin a complex field insteadof a vectorfield. Most importantly, it is�
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possibleto producenew operatorsby takingintegerpowersof it i.e.:} o p rtsYo u �D� v } o �p'� o �u � rts }j� o p o u �} o p rtsYo u �D� v } o �p ��� o p o �u � rts } � o �p o u � o �u ������
Wewill call theoperator, } o p r�sYo u �!� the � ’th symmetryderivative.

In ananalogousmannerwe definethefirst conjugatesymmetryderivative aso p � sYo u v xxVy � szxx�{ (2)

andthen’th conjugatesymmetryderivativeas } o p � sYo u �!� .
Somenovel propertiesof then’th symmetryderivativesasappliedto Gaussianfunctions

is the subjectof this paper. The analogiesof the presentedresultsalsoexist for the n’th
conjugatesymmetryderivatives.But thesewill neitherbementionednorprovenany further
thanthosefor then’th symmetryderivativesbecauseof thestraightforwardparallelismthat
existsbetweenthetwo.

The rationalebehindcalling the differential operator } o p r�sYo u � � as � ’ th symmetry
derivative stemsfrom its usein symmetrymodelinganddetectionin gray-scaleimageanal-
ysis. Patternswith iso-graycurvesbeingstraightparallel lines in a coordinatesystemthat
is harmonic,have previously beenstudiedfor recognitionpurposesanda total leastsquare
algorithm(linear symmetryalgorithm)for their detectionhasbeensuggested,[5, 1, 3]. A
pair of harmoniccoordinateshasthepropertyof consistingof transformationfunctionsthat
are locally orthogonalto eachother. The schemefor recognizingany iso-graycurve of a
harmonicpatternconsistsof ”smoothing” thesquareof thefirst symmetryderivative of the
imagewith a complex filter that resemblesthe varioussymmetryderivativesof Gaussians
that will be discussedhere. The producedvectorfields have a remarkablydifferentsense,
[14], than the (edge)orientationfields producedby linear symmetrymethodin Cartesian
coordinates.Dependingon the coordinatesystemchosen,i.e. the filtering that hasbeen
applied,thedirectionsof suchfieldshave interpretationsthatincludethesymmetryaxisori-
entationof a parabola,thedegreeof chirality (senseof spirals,circularity versusradiality),
presupposedby [14, 23, 15], andtherotationangleof across.

In theCartesiancoordinatesystem,thelinearsymmetrytheoryis themathematicalbasis
of creatingdensecomplex vector(tensor)fields representinglocal orientationandcertain-
ties of straightlines. Someapplicationsare illustratedby texture [30, 6] andfinger print
analysisaswell asimageenhancement,[18]. However, whenthemethodis appliedto other
(harmonic)coordinatesystemsefficient implementationbecomesa non-trivial issue.For il-
lustration,in Section3, wewill elaborateononesuchcoordinatesystemthatis notCartesian
but yet harmonic.

Early efforts on invariancein patternrecognitionarethe worksof [19, 13, 7] although
their formulationsusemomentsin thespatialdomainandthatthesecouldonly beappliedto
representglobalshapeof binaryobjects.By contrast,theshaperepresentationsin thispaper
utilize differentialinvariantsappliedto grayscaleimages.An extensionof the linearsym-
metrytheoryto 3-D andhigherdimensionshasalsobeendone(by [5] andlaterby [24] in the
theGaborspace,aswell asby [16] in curvilinearcoordinatesof arbitrarydimensions),but
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this hasbeenpossibleonly by usingthenon-commutative matrix/tensorfields,andnot the
commutativecomplex numberfield discussedhere.However, thanksto thecommutativity of
thecomplex numbersi) orientationof multi-orientationtextures,e.g.fishandsnakeskin,can
beestimatedwithin anextensionof linearsymmetrytheory, [4], ii) thetheresultingcomplex
fieldsgeneratetheoptimalorientation,in thetotal leastsquareerrorsense,explicitly evenin
thesimultaneouspresenceof multi orientations.

In imageanalysistheGaussianfunctionof the2-D normaldistribution�N�D�4�6� }@y�~�{N� v ������ � ���f� } � y � r { ���� � � (3)

andits derivativeshavegenerallybeenusedwhenconstructingisotropiclinearfilters. A con-
tinuouslinearoperator� canbetranslatedto thediscretedomainby representingthecon-
tinuoussignalto beacteduponasadiscretesumof shiftedinterpolationfunctionsweighted
by thefunctionsamplesandthenactingon thediscretesum,��|]}@y�~�{V� v���� | � �������5� � �D� � � }@y � y � ~�{ � { � � (4)

Herethefactor ����� � hasbeenutilizedto normalizethemaximaof theinterpolationfunctions
sothattheseattainthevalue1. Samplingtheresult,which is continuous,resultsin adiscrete
convolutionbetweenthediscreteimageandadiscretefilter obtainedby sampling� � , which
becomesthediscreterepresentationof � . In imageanalysis,theuseof Gaussiansis dueto
their valuableproperties,in particularto their:

1. directionalisotropy, i.e. in polarcoordinatesthey dependon radiusonly,

2. separabilityin y and { coordinates,and

3. simultaneousconcentrationin thespatialandthefrequency domain.

These,togetherwith theinexpensivenessof floatingpointarithmetics,increasinglymakethe
Gaussiansthe prime choicein Finite ImpulseResponse(FIR) filter implementationof the
linearoperators,includingedge[29, 10, 9], orientationvectorfields[5, 22], andsingularity
pointsdetectionschemes[5, 17, 1,2,11, 3]. Herewenotethatthe”lack” of linearsymmetry,
which is measuredasa quotientrelationshipbetweenthe eigenvaluessuggestedin [5], is
identicalto thequotientsuggestedby thecornerdetectionschemesuggestedby [17]. The
linearsymmetrieswill bediscussedin somedetail in Sections2 and3.

Thework of [28] providesa valuableinvestigationon statisticsof angulardatawhich is
relatedto issuesdiscussedin thispaper. Anotherrelevantcontribution, thoughconnectedto
imagetensorfields andlinear symmetriesat first hand,is themotion estimationtechnique
suggestedby [27]. They usethe inverseof the auto-correlationmatrix of the first order
spatialpartial derivativesof an imagein a context of solving an over determinedequation
system.

Of courseother alternatives to the Gaussianinterpolatorexist when discretizingcon-
tinuousoperators,e.g. B-splines[31, 20]. These,in particularsplines,arewidely usedin
applications.However whenorientationisotropy andseparabilityareof significantvalue,
thenon-Gaussianinterpolatorscanonly approximatethepropertiesof theGaussians.Con-
sequently, theGaussiansplayanimportantroleevenwhendesigningnon-Gaussianinterpo-
lators,sincetheseinterpolatorsareoftendesiredto besimilar to Gaussians.Besidesinter-
polation,theGaussiansareusedin scale[8, 32, 25, 26, 12] analysis.This wide adoptionas
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in imageanalysistool is, in additionto property3 whichproducescompactfiltershaving no
ringingeffectscloseto sharpdiscontinuities,dueto thattheexponentialfunctionis theonly
continuousfunctionhaving property1 and2:

���=� }@y � r { � � v ���=� }@y � � ���=� }@{ � � (5)

Thisyieldsseparableandtherebyfastimplementationsof FIR filters thatcanoutperformthe
useof FFT in computationalefficiency.

In thenext chapterwewill presentsomepropertiesof the � ’ th symmetryderivativewhen
appliedto Gaussians.In Section3 we illustratethesepropertiesin thecontext of a concrete
application,trackingmarkers in crashtests,anddiscussthe results. In Section4 themain
conclusionswill bepresented.

2 Symmetry derivativesof Gaussians

Weapplythe � ’ th symmetryderivative to theGaussianandcall theresult   �@¡�¢ � � � :  �@¡�¢ ���£� }@y�~�{V� v } oqp&rtsYoqu � ¡ � �D�4�,� }@y�~�{V� (6)

It is clear that   �@¡�¢ � � � canbe obtainedby certainlinear combinationsof the ordinary
partial derivatives of a Gaussian.However, thesespecificlinear combinationsyield a re-
markablesimplicity thatwe will expressby a theorem.

First, let usdefinethepolynomial ¤ as

¤l}¦¥*� v¨§�©�ª���«¬ ® � ¥ � (7)

where ¥ is ageneralvariablee.g. ¥ v¯o p rtsYo u yieldsadifferentialoperator:

¤l} oqpzrtsYoqu � v¨§�©�ª���«¬ ® � } oqp&r�sYoqu � � (8)

whereas¥ v y r�s { givesa polynomial:

¤°}@y r±s {V� v¨§²©�ª���«¬ ® � }@y r�s {N� �´³ (9)

Theorem 1 Thedifferentialoperator
o p r'sYo u

, thescalar
� p.µ´¶0u� � aswell asthepolynomials

of them,acton a Gaussianin an identicalmanner:

¤°} o p rtsYo u � � �D� � � }@y�~�{V� v ¤°} � y� � r±s � {� � � � �D� � � }@y�~�{V� (10)

In thespecialcaseof thep’th symmetryderivative, i.e. ¤°}¦¥*� v ¥ ¡ , appliedto a Gaussian
theresultyields

  �@¡�¢ �4�£� }@y�~�{N� v } o p rtsYo u � ¡ � �D�4�6� }@y�~�{V� v } � y� � rts � {� � � ¡ � �D���,� }@y�~�{V� (11)
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Proof

Weprove thetheoremby inductionfor thespecialcasefirst.

1. Equation(11) holdsfor � v � .
2. Assume(induction)thatequation(11) is truefor � v � ¬ , for some� ¬¸· � .
3. Then

  �@¡5¹ µ ª ¢ �4�£� }@y�~�{V� v ������ � } o p rtsYo u ��} o p r�sYo u � ¡5¹ ���=� } � y � r { ���� � �v ������ � } o p rtsYo u ��º»} � y� � rts � {� � � ¡5¹ ���=� } � y � r { ���� � �Y¼ (12)

wherewe indicatedby brackets º ¼ thetermson which thedifferentialoperatorsact,is
obtainedby applyingthe inductionassumption(Point2). Consequentlyandby using
thechainruleaswell asthelinearity of thepartialdifferentialoperatorswe obtain,

  �@¡5¹ µ ª ¢ � � � }@y�~�{N� v ������ � º»} o p rtsYo u ��} � y� � r�s � {� � � ¡5¹ ¼ ���=� } � y � r { ���� � � �����r ������ � } � y� � rts � {� � � ¡5¹ º»} oqp&rtsYoqu � ���f� } � y � r { ���� � �Y¼ (13)

By repeatedapplicationsof the algebraicrulesthatgovern thedifferentialoperators,
we obtain

  �@¡ ¹ µ ª ¢ � � � }@y�~�{V� v ������ � º o p } � y� � rts � {� � � ¡ ¹ rts!o u } � y� � rts � {� � � ¡ ¹ ¼ ���f� } � y � r { ���� � � �����r � � } � y� � rts � {� � � ¡.¹ } � y� � rts � {� � � ���=� } � y � r { ���� � �v ������ � }2� ¬ } � �� � ��} � y� � rts � {� � � ¡5¹ ©�ª rts � � ¬ } � �� � ��} � y� � rts � {� � � ¡.¹ ©�ª � �����½ ���f� } � y � r { ���� � � r ������ � } � y� � rts � {� � � ¡5¹ µ ª ���f� } � y � r { ���� � �v ������ � } � y� � rts � {� � � ¡.¹ µ ª ���=� } � y � r { ���� � � (14)

Consequentlywhenit holdsfor � v � ¬ , equation(11)will alsohold for � v � ¬ r � .
Now we turn to thegeneralcase

¤l} o p r±sYo u � ������ �����=� } � y � r { ���� � � v ������ � º §�©�ª���«¬ ® � } o p r�sYo u � � ¼ ���f� } � y �
r { ���� � �

v ������ � §�©�ª���«¬ ® � º»} o p r�sYo u � � ���f� } � y �
r { ���� � �Y¼

v ������ � §�©�ª���«¬ ® � }
� y� � rts � {� � � � ���f� } � y � r { ���� � �

v ¤°} � y� � rts � {� � � ������ �����=� } � y � r { ���� � �
6



in whichthelinearityof thesumsof derivativeoperatorsandequation(11)hasbeenutilized¾
ThattheFouriertransformationof aGaussianis alsoaGaussianhaswidely beenknown

andexploited in computerand information relatedsciences.It turnsout that this elegant
simplicity is generalizableby useof symmetryderivatives.Westateit in theoriginaltheorem
thatfollows.

Theorem 2 Thesymmetryderivativesof a GaussianareFourier transformedonthemselves
i.e. ¿

º   �@¡�¢ � � � ¼!}@À p ~�À u � v ÁÂÁ   �@¡�¢ � � � }@y�~�{V� ���=� } � s À p y � s À u {V�DÃ*yÄÃP{v ����� � } � s� � � ¡   �@¡�¢NÅÆ � � }@À p ~�À u � (15)

Proof By takingtheFourierTransformof equation(11)we obtain¿
º   �@¡�¢ � � � ¼!}@À p ~�À u � v ¿

º ������ � } o p rts!o u � ����� } o p r�sYo u � ���=� } � y � r { ���� � �Y¼!}@À p ~�À u �v } s À p rts � s À u � ����� } s À p rts � s À u �
¿
º ������ � ���f� } � y � r { ���� � ¼!}@À p ~�À u �v } s � ¡ }@À p rts À u � ����� }@À p rts À u � ���f� } � À �p

r À �u� ª� � �
v �� � } s � ¡ }@À p rts À u � ¡ � � ���f� } � À �p

r À �u� ª� � �
v �� � } s � ¡ } � �� � � ¡ } � � � À p � s � � À u � ¡ � � ���=� } � À �p

r À �u� ª� � �
v �������� � } � s� � � ¡ ���*} o p rtsYo u � ¡ ���f� } � À �p r À �u� ª� � �v �������*} � s� � � ¡   �@¡�¢=ÅÆ � � }@À p ~�À u �

(16)

which is whathadto beproven¾
As animmediateconsequenceof this theorem,we obtainthefollowing lemma

Lemma 1 Thefunction   �@¡�¢ � � � with � � v � is an eigen functionof the2-D Fourier trans-
formwith theeigen-value���Ç} � s � ¡ i.e.¿

º   �@¡�¢ ª � ¼!}@À p ~�À u � v ���Ç} � s � ¡   �@¡�¢ ª � }@À p ~�À u � (17)

The following theoremstatesthat the convolution of two symmetrykernelsresultsin
anothersymmetrykernel,with the two symmetryorders,andthe two variancesaddingup
independently:

Theorem 3 thesymmetryderivativesof Gaussiansareclosedundertheconvolutionopera-
tor. In particular theorderandthevarianceparameters addunderconvolution.  �@¡ Å ¢ � �Å �]È   �@¡ � ¢ � �� � v   �@¡ Å µ ¡ � ¢ � �Å µ � �� � (18)

7



Proof Convolution in theFouriertransformdomainreducesto anordinarymultiplication:  �@¡ Å ¢ � �Å �ZÈ   �@¡ � ¢ � �� ��É
¿
º   �@¡ Å ¢ � �Å � ¼

¿
º   �@¡ � ¢ � �� � ¼ (19)

Thereforeby using(15) wenotethat¿
º   �@¡ Å ¢ � �Å � ¼!}@À p ~�À u � v ���Ç} � s� �ª � ¡ Å ���ª  

�@¡ Å ¢�ÅÆ � Å � }@À p ~�À u � (20)¿
º   �@¡ � ¢ � �� � ¼!}@À p ~�À u � v ���Ç} � s� �� � ¡ � � ��   �@¡ � ¢�ÅÆ �� � }@À p ~�À u � (21)

andform their productby using(11):¿
º   �@¡ Å ¢ � � Å � ¼ �

¿
º   �@¡ � ¢ � �� � ¼ v ���Ç} � s� �ª � ¡ Å ���ª  

�@¡ Å ¢ ÅÆ � Å � }@À p ~�À u � � ���Ç} � s� �� � ¡ � ����   �@¡ � ¢ ÅÆ �� � }@À p ~�À u �v �������ª } � s� �ª � ¡ Å } � ���ª � ¡ Å }@À p rts À u � ¡ Å ������ �ª ���f� } � ���ª
À �p r À �u� � �����

½ �������� } � s� �� � ¡ � } � ���� � ¡ � }@À p rts À u � ¡ � ������ �� ���=� } � ���� À �
p r À �u� �

v } � s� �ª � ¡ Å }
� s� �� � ¡ � } � ���ª � ¡ Å } � ���� � ¡ � }@À p rts À u � ¡ Å

µ ¡ � ���=� } � À �p r À �u� ª�4�Å µ ���� �
(22)

Cancelingtheredundanttermsallows usto write theproductas¿
º   �@¡ Å ¢ �4�Å � ¼ �

¿
º   �@¡ � ¢ ���� � ¼ v } s � ¡ Å µ ¡ � }@À p r�s À u � ¡ Å µ ¡ � ���=� } � À �p

r À �u� ª� � Å µ � �� �v ���Ç}¦� �ª r � �� ����Ç}¦� �ª r � �� � } s � ¡ Å
µ ¡ � }@À p rts À u � ¡ Å µ ¡ � ���f� } � À �p

r À �u� ª���Å µ �4�� �
} � � � ª � � �� � ¡ Å µ ¡ �} � � � ª � � �� � ¡ Å µ ¡ �v ���Ç}¦� �ª r � �� ��} s� � �ª � � �� � ¡ Å

µ ¡ �   �@¡ Å µ ¡ � ¢ÊÅÆ �ÅDË Æ �� � }@À p ~�À u � (23)

Remembering,(19) wenow inverseFouriertransform(23)by using(15)andobtain  �@¡ Å ¢ ���Å � È   �@¡ � ¢ �4�� � v   �@¡ Å µ ¡ � ¢ ���Å µ �4�� � (24)

thatcompletestheproof¾
Definition 1 Let thescalarproduct, ÌÍ~ · , of two functions| , � , bothdefinedon theentire
plane, be ÌÎ|´~ � · v¨ÁÂÁ |�Ï�}@y�~�{N� � }@y�~�{N�DÃPyÄÃP{
. Here it is assumedthat the integral exists(at leastasa distribution) whentaken over the
entire plane. Thenthecomplex scalar Ð ¡5ÑÐ ¡5Ñ v Ì�Ò�}@y�~�{V�,~.}@y r±s {V� ¡ }@y � s {N� Ñ · (25)

with � and ¥ beingnon-negativeintegers, is saidto bethecomplex moment��~£¥ of thefunc-
tion Ò . Theorder numberand the symmetrynumberof a complex momentare � r ¥ and� � ¥ respectively.
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Thefollowing theoremis statedwithoutproof for thesakeof completenessandsincewe
will needit in the next section. It haspreviously beenappliedto thepower spectrumof a
local imagefor thepurposeof estimatingthe”orientation” parameterof varioussymmetric
patterns.Here,theorientationparameterhasa differentsensedependingon thecoordinate
systemit is definedin. Wereferto [5] for its proof for line patternsin Cartesiancoordinates
and[3] for its proof for generalpatternsin harmoniccoordinates.

Theorem 4 (Linear Symmetry) Assumethat thesecondorder complex moments,Ð � ¬ ~£Ð ª�ª ,of a planar real massdistribution, ÓÕÔÖÒ�}@y�~�{V� , are finite scalars and that theorigin is in
themasscenteri.e. Ð ª ¬ v Ð ¬ ª v Ó . Thentheminimuminertia (total leastsquare error) axis
of themassis givenby Ð � ¬ andthecorrespondinginertia is givenby ×NØ ¶ � v Ð ª�ª �ÚÙ Ð � ¬ Ù :Ð ª�ª v Ì�Ò�}@y�~�{V�,~ Ù y rts { Ù � · v × ØQÛ p r × Ø ¶ �Ð � ¬ v Ì�Ò�}@y�~�{V�,~.}@y rts {V� � · v }Ü×VØQÛ p � ×NØ ¶ � � ���=� } s �*ÝÇÞß6àá2â �
Here × ØQÛ p , and × Ø ¶ � are theeigenvaluesof theinertia matrixof themasswhereas ÝÇÞß6àáãâ is
thedirectionangleof theeigenvector äå Ø ¶ � that correspondsto × Ø ¶ � . Thelinear symmetry
axisis äå Ø ¶ � . Thedirectionof themaximuminertia axisis representedsimilarly by

� Ð � ¬ :� Ð � ¬ v }Ü× ØQÛ p � × Ø ¶ � � ���=� } s �*Ý Þß àÄæ�ç �
In imageanalysisapplicationsÒ�}@y�~�{N� is thepower spectrum

Ù è }@À p ~�À u � Ù � where
è

is the
Fouriertransformof aspatialpattern|]}@y�~�{V� andthevariablesy , and { aregeneralharmonic
coordinates.In thenext sectionwewill usesuchacoordinatesystemto modelcross-markers.
The namelinear symmetryis motivatedby that the theoremenablesto find the symmetry
axis of the (parallel)straightline patternswhich have a power spectrumconcentratedto a
Dirac line.

3 An application: symmetry tracker

In vehiclecrashtests,thetesteventisfilmedwith ahighspeedcamerain ordertoquantifythe
impactof variousparameterson humansafety, includingmechanicalconstruction,accident
types,and humanbehavior. A significantaid in this processhasbeenthe quantification
of the testeventsby tracking the moving objectsaccurately. To that endspecialmarkers
have beenpaintedor sticked to objects,e.g. thebodypartsof a humanmodel. A common
marker is the ”cross” which allows to quantify the planarpositionof an objectaswell as
its planarrotationin individual frames,seeFigure1. Recentlyaccurateautomatictracking
of objectsin digitizedimagesequenceshasattractedsignificantinterestfrom performersof
the tests. This sectiondescribeshow linear symmetrytheoremtogetherwith the theorems
onsymmetryderivativesof Gaussians,allowedareal-timeimplementationof crosstracking
via afiltering schemethathasbeenin usesince1997but unpublisheduntil now.

3.1 Model: linear symmetry in hyperbolic coordinates

The crossmarkershasto be tracked acrossnumerousframes(in the orderof hundredsto
thousands)of high resolutiondigitized films, so that the tracking had to be robust in the

9



Figure1: Thefirst frameof animagesequencein whichcrossmarkersshouldbetracked.
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sensethat detectionshouldbe rapid (preferablynearreal-time)andprecisein every frame
despitesignificantrotationandchangeof contrast.To that end,the crosspatternhasbeen
modeledvia thehyperbolicpatterns:é£êìë }j��íf��}@y � � { � � �ïî�ð é }j��íI�g��yÄ{ v�ñÍò ��ó.ô ® ��ô (26)

whereí is theanglerepresentingthedirectionof anasymptote.By changingí theorientation
of thecrosspatterncanbecontrolled,seeFigure2 and3. However, theangleí is notunique.
Dueto the4 foldedsymmetry, any of theangles,í , í röõ ÷

, í r � õ÷ and í r � õ÷ areequally
goodrepresentationsof thecrossorientation.Insteadthecrossorientationcanbeuniquely
representedby ø*í whereí is theanglerepresentingany of thefour directionsdefinedby the
two asymptotes.In otherwords, ø*í , or

î�ð é }@ø*íf� , and é£êìë }@ø*íI� arethe unknown parameters
of the orientationdeterminationproblem. This problemis equivalent to fit a line to the
iso-curvesof acandidateimage,expressedin thehyperboliccoordinatesystem,Figure3:ù v y � � { � (27)ú v ��y�{ (28)

Any 2-D patterngeneratedby the onedimensionalfunction |]}@ô�� via the substitutionô v® ù r�û ú |]} ® }@y � � { � � r�û }j��yÄ{N��� (29)

will have two hyperbolicasymptotes(centeredat the origin of the currentneighborhood)
possessinga preciseorientationdeterminedby ü£ý ë ©�ª } � û ~ ® � . The

ù
, ú coordinatessystem

aboveis harmonicsincethecurvesgeneratedby
ù v¯þ�ò ��ó.ô ® ��ô ª areorthogonalto thosegen-

eratedby ú v¨þ	ò ��ó.ô ® ��ô � . Theiso-graycurvesof patternsgeneratedby Equation(29)consist
of (parallel)straightlines in thehyperboliccoordinates.Theonedimensionalfunction | is
allowedto have discontinuitiese.g.thestepfunction

|]}@ô£� v ÿ }@ô�� v � � ~ if ô · Ó ;Ó=~ otherwise.
(30)

is permitted,sincethelinearsymmetrytheoremdoesnotputrestrictionsonthe”mass” Ò , in
ourcasetheenergy of theFourierspectrum

Ù è�Ù � , otherthantheintegralsmustexist finitely,
i.e. theenergy mustbefinite.

Thechoiceof thefunction | asthestepfunction
ÿ

, incidentallygeneratesanexactmodel
of thecross-patternsusedin thecrashtests,Figure2. Consequentlythecorrespondingalgo-
rithm finding linearsymmetryorientationwill beexactevenfor idealcrossmarkersasfaras
their positionsandorientationsareconcerneddespitethat thecrossesaretheasymptotesof
thehyperboliccoordinatetransformationsusedin themodel.

Theproblemof linearsymmetryorientationestimationis thesameasthatof fitting aline
to thepower spectrumof thepatternexpressedin } ù ~ ú � coordinatesystem.This is because,
regardlessof | , thepowerspectrumof |]} ® ù rïû ú � is concentratedto a line, namely�f} û À�� �® À���� where À�� and À�� arethe frequency variablesof the Fourier transformationwhich is
taken w.r.t. the variables

ù
and ú . To be precise,in the ideal caseof existenceof perfect

linearsymmetrytheparticularonedimensional| thatgeneratesthehyperbolicpatternhas
no influenceon the directionof theenergy concentration.In thenon-idealcase,

è
will of

coursenot be perfectly concentratedto a line but will have a certainspread,influencing

11



Figure2: The ideal modelof a crossmarker obtainedby �	��
��������������������
�� ������!"� . On the left�$#&% on theright �'# õ (
is displayed.

the certaintyand the accuracy of the orientationestimation. For exampleany hyperbolic
patternwith anasymptoticdirection í v õ (

hasanenergy that is concentratedto thesame
obliqueline illustratedin Figure3 bottom-right.As a consequenceof this theenergy of the
ideal cross-marker in Figure2-Right, will be confinedto the sameoblique line of Figure
3-Bottom-Right. For the purposeof fitting a line to the power spectrumof a candidate
pattern,wewill makeuseof Theorem4. It will enableusto dothefitting withoutcoordinate
transformationsor Fouriertransformationsin thesecoordinates.

3.2 Implementation and experiments

By using the Parseval theorem,i.e. the scalarproductsare conserved under the Fourier
transform,and the linear symmetrytheoremwe can solve the line fitting problemin the
spatialdomain(first in the

ù
, ú coordinatesystem,andthenin the y , { coordinatesystemby

substitution) via by theequations,

Ð � ¬ v ÁÂÁ }�} o � r±s!o ���g|S�D��Ã ù Ã ú v ÁÂÁ }@y � s {V� �Ù y � s { Ù � }�} o p rtsYo u �g|S�D��ÃPyÄÃ*{ (31)

Ð ª�ª v ÁÂÁ Ù }�} o � r�sYo � �g| � Ù Ã ù Ã ú v ÁÂÁ Ù } oqp&rts!oqu �g| Ù � Ã*y´Ã*{ (32)

where | is the(local) spatialimage,which only in theidealcaseis a onedimensionalfunc-
tion of thetypegivenby Equation(29). However, if | happensto conformto Equation(29)
thenthefit will bewithouterror. In theseequationstheargumentof Ð � ¬ yieldstheorientation
of thecross,ø*í , whereasthemagnitudeof Ð � ¬ is thedifferencebetweenthe largestandthe
leastsquareerror. The Ð ª�ª is a realscalarthat is non-negative andit representsthesumof
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thelargestandtheleastsquareerror in thefit. As a consequenceof this, theidealcaseof a
fit without errorwill beindicatedby

Ù Ð � ¬ Ù v Ð ª�ª .Theerrorwhich is invariantto rotationof thecrossmarker, will beusedto estimatethe
position parameter. In order that a machinevision systemcandeterminethat the lowest
achieved error in thecurrentimageis small,oneshouldhave an ideaof whata large error
is, givenanimage.Herethiscouldbeachievedby comparingtheleasterrorwith thelargest
error, via

Ù Ð � ¬ Ù sincein anunsatisfactoryfit therewouldnotbea largedifferencebetweenthe
bestandtheworstfit. Therefore× ØQÛ p � × Ø ¶ � couldpotentiallybeusedasthelikelihoodor
thecertaintyfor thecurrentimageto bea cross-pattern.However, this likelihoodmeasure
is not goodenoughfor theneedsof our tracker which hasto beinsensitive againstcontrast
variancesof thecrossmarker. This is because,

Ù Ð � ¬ Ù still dependson thetotal energy of the
power spectrum,e.g. if Ò in (25) increaseswith a multiplicative constant,

ñ � Ò , sodoesÙ Ð � ¬ Ù . Herewe have used ñ*)²vÂ× ØQÛ p � × Ø ¶ �× ØQÛ p r × Ø ¶ � v
Ù Ð � ¬ ÙÐ ª�ª Ô � (33)

which attainsits maximumvalue if and only if ×NØ ¶ � v Ó , as the likelihood (certainty)
of a cross-marker position. It is of coursepossibleto constructothersimilar measuresby
using ×VØ ¶ � , and ×NØ8Û p providedthatsuchanexpressionis invariantto rotationandcontrast
changes.Neighborhoodsthatcontaincrossmarkershave highercertainties,ascomparedto
thosewhichdo not. This in turnallows to trackcrossmarkers.

In orderto computeÐ � ¬ and Ð ª�ª thesquareof thefirst symmetryderivative is needed.The
first symmetryderivative canbe obtainedvia convolutionsif Gaussiansareassumedto be
the interpolationfunctionswhenrepresentingthecontinuousimage |]}@y�~�{N� via its samples| ß v |]}@y ß ~�{ ß � :

} o p rtsYo u �g|]}@y�~�{V� v } o p r±sYo u � � ß |]}@y ß ~�{ ß �g����� �ª � �D� Å � }@y � y ß ~�{ � { ß � (34)v ����� �ª � ß |]}@y ß ~�{ ß ��} oqp&r±sYoqu � � �D� Å � }@y � y ß ~�{ � { ß � (35)v ����� �ª � ß |]}@y ß ~�{ ß �!  � ª ¢ � Å � }@y � y ß ~�{ � { ß � (36)

Consequentlythefirst ordersymmetryderivative discretizedon theoriginalgrid is givenby

} oqp²r�sYoqu �g|]}@y,+j~�{�+>� v ����� �ª � ß |]}@y ß ~�{ ß �!  � ª ¢ � Å � }@y,+ © ß ~�{�+ © ß � (37)v �������ª � ß   � ª ¢ � Å � }@y ß ~�{ ß �g|]}@y,+ © ß ~�{�+ © ß � (38)

whichisanordinaryconvolutionof theoriginalimagewith thediscretekernel  � ª ¢ � Å � }@y ß ~�{ ß � .
Becauseof their separability, convolutionswith suchkernelscanbeimplementedefficiently
asacascadeof 1-D convolutions.

The function -�}@y�~�{V� v }�} o p r$sYo u �g|S� � is non-linearin | andit will bereferredto as
theInfinitesimalLinearSymmetry(ILS) image.This is computedasa point-wisesquaring
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Figure3: Thepatternsillustrating iso graycurvesthatmodelcrossmarkers. They areobtained
by �.��
�� � õª /,ª10 �1
�2��� ��������3 � �54 � �"�5�.��
6���7�����384"�9� wherethespatialmeasurementunit in both 3 and 4
directionsis thehorizontalsizeof theimage.Thefunction �.��
 is herechosenfor convenienceas
it illustrateseffectively thethenon-linearcoordinatetransformation(27–28).On top-left �'#:% ,
andonthetop-right �$# õ (

aredisplayed.Thebottom-leftimagerepresentsthemapping(27–28)
appliedto theimageon top-rightwhereasthebottom-rightimagerepresentsthemodulusof the
Fouriertransformof thebottom-leftimagetakenin �";<! coordinates.
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appliedto (36)whichin thediscretecaseis approximatedbyapplyingthepixel wisesquaring
on theoriginal grid: i.e. by squaring(38):

-�}@y=+Ü~�{�+@� v }�} o p rtsYo u �g|]}@y=+j~�{�+>���D� v }j�������ª � ß   � ª ¢ � Å � }@y ß ~�{ ß �g|]}@y=+ © ß ~�{�+ © ß ���D� (39)

Onasufficiently denseimagegrid, -�}@y�~�{N� toocanbereconstructedfrom itssamples-�}@y,+Ü~�{�+>� ,
-�}@y�~�{V� v �������ª � ß -�}@y ß ~�{ ß �!  � ¬ ¢ � � Å � }@y � y ß ~�{ � { ß � (40)

In practiceour target imageis a neighborhoodin a large imagesothatwe mustusea win-
dow function >q}@y�~�{V� thatextractstheeffective neighborhood,directly from theILS image- , sincethis is alreadyavailable for all pointsof the large imagevia (39). Thus > needs
essentiallyto be zerooutsideof a supportareathat definesthe local image. With this in
mind, Ð � ¬ is obtainedas

Ð � ¬ }@y@?¦~�{7?ì� v Á Á }@y � s {N� �Ù y � s { Ù � >q}@y�~�{V�A-�}@y=? � y�~�{�? � {N�DÃPyÄÃP{ (41)

where > is a window function that definesthe neighborhoodaroundthe origin. In the in-
tegrand - is shiftedin sucha way that the local imagearound }@y ? ~�{ ? � , thecurrentpoint, is
alwayscenteredat theorigin.

Concerningthewindow function,thereis roomfor flexibility asthis is adesignparame-
ter. Herewe chooseit as

>�}@y�~�{N� v �8BP}@y � r { � �!  � ¬ ¢ � �� � }@y�~�{V� (42)

Themotivationsbehindthis include:

1. It effectively suppressesthetheorigin asinformationprovider for crossdetection.The
centerof a crossis theonly point which hasnot a uniqueorientationassociatedwith
it, causingasingularityin orientationdetermination.Theconstant�8B normalizes> so
thatits maximumis 1.

2. It extractstheneighborhoodrotationsymmetrically.

3. It givesadiscretecross-trackingfilter thatallows implementationswith separable1-D
convolutions.This is shown herenext.

4. Themaximumof thewindow functionis attainedon a ring with radius C ��� � thatcan
beshiftedwith thedesignparameter� � .

By substituting(40) in (41) andutilizing (42) oneobtainsÐ � ¬ }@y ? ~�{ ? � as:

Ð � ¬ }@y@?@~�{�?ì� v ����� �ª � ß -�}@y ß ~�{ ß � Á Á }@y � s {V� �Ù y rts { Ù � >�}@y�~�{N�!  � ¬ ¢ ���Å � }@y@? � y � y ß ~�{�? � { � { ß �DÃ*yÄÃP{v ����� �ª � ß -�}@y ß ~�{ ß � ½
ÁÂÁ }@y � s {V� �y � r { � �8BP}@y � r { � �!  � ¬ ¢ ���� � }@y�~�{V�!  � ¬ ¢ �4�Å � }@y=? � y � y ß ~�{�? � { � { ß �DÃ*y´Ã*{
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v ��� � B.� �ª � ß -�}@y ß ~�{ ß � Á Á }@y � s {V� �   � ¬ ¢ �4�� � }@y�~�{N�!  � ¬ ¢ ���Å � }@y ? � y � y ß ~�{ ? � { � { ß �DÃPyÄÃP{
v ��� � B.� �ª � ß -�}@y ß ~�{ ß � Á Á � ÷� } y � s {� �� � �   � ¬ ¢ � �� � }@y�~�{N�!  � ¬ ¢ � �Å � }@y ? � y � y ß ~�{ ? � { � { ß �DÃPyÄÃ*{
v ��� � B.� �ª � ÷� � ß -�}@y ß ~�{ ß � Á Á   Ï � � ¢ ���� � }@y�~�{V�!  � ¬ ¢ �4�Å � }@y ? � y � y ß ~�{ ? � { � { ß �DÃ*y´Ã*{ (43)v ��� � B.� �ª � ÷� � ß -�}@y ß ~�{ ß ��}@ �Ï � � ¢ � �� � È   � ¬ ¢ � � Å � ��}@y@? � y ß ~�{�? � { ß � (44)v ��� � B.� �ª � ÷� � ß -�}@y ß ~�{ ß �! �Ï � � ¢ � � Å µ � �� � }@y@? � y ß ~�{�? � { ß � (45)

Here(43) is obtainedby utilizing Theorem1 and(45) is obtainedby utilizing Theorem3.
Equation(45) canbecomputedon thediscretegrid of theoriginal imageby thesubsti-

tution }@y ? ~�{ ? � v }@y,+Ü~�{�+>� :

Ð � ¬ }@y,+j~�{�+>� v �����DB.���ª � ÷� � ß -�}@y ß ~�{ ß �!  Ï � � ¢ � �Å µ � �� � }@y=+ � y ß ~�{�+ � { ß �v ��� � B.� �ª � ÷� }E- È  �Ï � � ¢ � � Å µ � �� � ��}@y,+j~�{�+>� v }E- È ó���}@y=+Y~�{�+>� (46)

which is anordinaryconvolution of thediscrete- with thediscretefilter ó :óI}@y,+j~�{�+>� v �����DB.���ª � ÷�   Ï � � ¢ � � Å µ � �� � }@y=+j~�{�+>� (47)

Sincethemaximumof
Ù   Ï � � ¢ ���Å µ �4�� � Ù is }¦�8BP}¦� �ª r � �� � � � ©�ª andit is attainedat theradius

F ¬ vHG y �¬ r { �¬ vIG �N}¦� �ª r � �� �,~ (48)

themaximumof
Ù > Ù is alsoattainedat thesameradiuswhicheffectively determinesthering

in whichtheinformationis mostinfluentialasit comesto estimatethecrossfitting errorsand
theoptimal orientation.Although not essentialfor our application,sincewe have contrast
invariantlikelihoodson which filter heighthasno influence,we notefor completenessthat
themaximummodulusof thefilter (attainedon thering F ¬ ) is

Ù ó ¬ Ù v ��� ª� �Å} ª���Å r ª�4�� � � (49)

Sincewe assumedthat � ª controlsthe interpolationfunction and � � controlsthe window
function it follows that in practicewe have � ª Ì�Ì � � . This in turn resultsin that the
maximummagnitudeof thefilter is determinedby theparameter� ª , see(49),andtheradius
of themaximumis determinedby � � , see(48).

Filtering with ó canbeimplementedasthesumof 3 separablefilters since

  Ï � � ¢ � �Å µ � �� � ��}@y,+j~�{�+>� v } y � s {� � ª r � �� �D� ���f� } � y �+�N}¦� �ª r � �� � � ���f� } � { �+�N}¦� �ª r � �� � �v y � � { � r�s ��y�{}¦� � ª r � �� � � ���=� } � y �+�N}¦� �ª r � �� � � ���=� } � { �+�N}¦� � ª r � �� � � (50)
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Here,we notethat, a filtering schemethat makesuseof filters similar to that of Equation
(50) hasrecentlybeensuggestedby [21] without thesymmetrypropertiesof theGaussian
derivatives.

With ananalogousreasoningonearrivesat that Ð ª�ª }@y=+Ü~�{�+>� yieldsÐ ª�ª }@y=+Ü~�{�+>� v ��� � B.� �ª � ÷� } Ù - Ù È Ù   Ï � � ¢ ���Å µ �4�� � Ù ��}@y,+Ü~�{�+>� v } Ù - Ù È Ù ó Ù ��}@y=+Y~�{�+>� (51)

which is anordinaryconvolution of thediscrete
Ù - Ù with thediscretefilter

Ù > Ù . Thediscrete
functions - and ó aredefinedasbeforei.e. via (39) and(47) respectively. Filtering with

Ù ó Ù
canbeachievedwith � separableconvolutionssinceÙ   Ï � � ¢ �4�Å µ ���� � ��}@y=+Y~�{�+>� Ù v } Ù y � s { Ù� � ª r � �� � � ���=� } � y �+�N}¦� � ª r � �� � � ���f� } � { �+�N}¦� �ª r � �� � �v y � r { �}¦� � ª r � �� � � ���=� } � y �+�N}¦� � ª r � �� � � ���f� } � { �+�N}¦� �ª r � �� � � (52)

Finally, thelocalmaximumof therelativecertainty, asdefinedby (33) is usedin orderto
trackacrossfrom oneimageframeto thenext. It is worth to notethatin

ñ*)
bothnominator

anddenominatorusefilters andimageswith identicalmoduli sothatnominatorcanat most
producea complex numberwith a modulusequalto thedenominator, which is alwaysreal.
This is exactlywhathasbeenpredictedby thecontinuoustheory, (33).

Together, theequations(38), (39), (46)and(51)defineafiltering schemethathave been
implementedby meansof separableconvolutions and pixel wise complex squaringin an
attemptto provide a robust and fast tracker for crosspatterns. The schemeemploys the
discretized  Ï �@¡�¢ � � � and

Ù   Ï �@¡�¢ � � � Ù asfilterswhichweretruncatedwhenthey hadreached0.5
% of theirmaximain orderto obtainFIR filters. Thesizeof thefilters,controlledby � , were
variedin sucha way that they yieldeda 9x9 filter in theconvolution devisedby (38) anda
30x30filter in theconvolutionsdevisedby (46) and(51).

Thecurrentalgorithmhasbeentestedin numerouscrashtestsequences.A typical result
of the crossmarker recognition,superimposedto the original image, is shown in Figure
4 without orientationparametermodulation.We would like to point out that, theusersare
currentlylessinterestedin orientationestimationthanorientationinvariantpositiontracking.
A zoomedversionof thesameimageis neverthelessshown in Figure5 with theestimated
orientationsmodulatingtheorientationsof thecrosses.The y and { coordinatesof Point1,
areshown in Figures6 and7.

Thequality of bothpositionandorientationparametersin all framesof this sequenceas
well asothersequencesweresimilar to theframeshown here,thefirst in a sequenceof 293
frames.The trackingwasfacilitatedby that,a searchwasmadewithin a neighborhoodof
analready(automatically)foundmarker. In thefirst frame,theuserdefinestheregion(s)of
interestin whichmarkershave to befoundandtrackedautomatically. In nearlyall inspected
casesthe crossmarkers could be tracked robustly including the longestimagesequences
in theorderof a thousandsof frames.Thealgorithmlosesthe trackof a marker whenthe
contrastlevel of acrossis extremelypoor, dueto specularreflection,verypoorillumination,
or very stronglight.

Alternativesto this approachwerealsoconsidered.In particulara setof 4 Houghtrans-
forms fitting 4 individual lines have beentested. Another approachthat was testedwas
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Figure4: Thefigureillustrateswith drawn crosses,thetrackedmarkerpositions.
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Point#5
Point#6

Point#8
Point#9

Figure5: Thefigureillustratesthezoomedimagesuperimposedwith rotatedcrossesillustrating
thepositionsandorientationsof thetrackedmarkers.
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Figure6: Thefigureillustratesthex coordinatesof thetrackedmarkerpositionsof Point1 across
theimagesequence.

correlationusing the last found crossmarker asa template. This wasdeemedto be rea-
sonablesincethesequenceshave high temporalsamplingfrequencies.In bothalternatives,
theperformancein termsof sustainedtrackingwith high positionaccuracieswerehowever
inferior to the symmetrytracker describedhere. In the caseof correlationthe orientation
parameterwasnotpossibleto estimate.

4 Conclusion

We have exposeda complex derivative operatorthatwe calledsymmetryderivative in con-
nectionwith Gaussianinterpolationfunctions. In 3 novel theoremswe have exposedsome
propertiesof thisoperatorthatareof practicalimportanceto 2-D signalprocessing.Wehave
presentedanexploitationof thesepropertieswhentrackingcrossesin long imagesequences
andhave illustratedthemwith implementationissuesaswell asexperimentalresults.

Basedon this, we think that the symmetryderivatives canbe useful in othercontexts
thantheonethathasbeenpresentedhere.Onesuchcontext is detectingothersymmetrical
patternsthancrosses,e.g. circles,radial patterns,etc. This canbedonereadilywithin the
thetheorypresentedin [3], which is anextensionof theGeneralizedHoughtransformwith
complex votes,andin analogywith theimplementationsuggestedhere.

As in ourexampleapplication,cascadesof generallinearoperatorsandpixel wisepoly-
nomial operations,canbenefitfrom symmetryderivativesof Gaussianssincethesecanbe
realizedby discreteconvolutionswith thesymmetryderivativesof Gaussians.
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Figure7: Thefigureillustratesthey coordinatesof thetrackedmarkerpositionsof Point1 across
theimagesequence.
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