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Abstract

We proposea family of complex differentialoperatorssymmetryderivatives,for pattern
recognitionin images We presenthreetheorem®ntheir propertiesasappliedto Gaussians.
Theseshaw thatall ordersof symmetryderivatives of Gaussianyield compactexpressions
obtainedby replacingthe original differentialpolynomialwith anordinarypolynomial. Just
like Gaussianghe symmetryderivativesof Gaussianare (form) invariantto Fouriertrans-
form, thatis they arerescaledrersionsof theoriginal. As aresult,the symmetryderivatives
of Gaussiansire closedunderthe corvolution operatori.e. they mapon a memberof the
family whenconvolved with eachother SinceGaussiangreutilized extensvely in image
processingthe revealedpropertieshave practicalconsequences,g. whendesigningfilters
andfiltering schemeghatareunbiasedw.r.t. orientation(isotropic). A useof theseresults
is illustratedby an application: trackingthe crossmarlersin long imagesequencefrom
vehiclecrashtests. Theimplementatiorandthe resultsof this applicationare discussedn
termsof thetheoremgpresentedalongwith conclusions.

1 Intr oduction

Let thefirst symmetnyderivative bedefinedas

. o .0
Dw—l—sz:a—x—Ha—y 1)
which resembleshe ordinarygradientin 2-D. However, whenit is appliedto a scalarfunc-
tion f(z,y), it resultsin a comple field insteadof a vectorfield. Most importantly it is
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possibleto producenewn operatordy takingintegerpowersof it i.e.:

(Dz +1iDy)? = (DZ-D32)+i(2D,D,)
(Dy +14Dy)* = (D3-3D,D])+i(3D.D, — D})

We will call theoperator (D, + iD,)™ then’th symmetryderivative.
In ananalogousnannemwe definethefirst conjugatesymmetryderivative as

Do-in,~ 2 il o
andthen’th conjugatesymmetnyderivativeas (D, — iD,)".

Somenovel propertieof then'th symmetryderivativesasappliedto Gaussiariunctions
is the subjectof this paper The analogiesof the presentedesultsalso exist for the n’'th
conjugatesymmetryderivatives. But thesewill neitherbe mentionechor provenary further
thanthosefor then’th symmetryderivativesbecausef the straightforward parallelismthat
existsbetweerthetwo.

The rationalebehindcalling the differential operator(D, + iD,)" asn'th symmetry
derivative stemsfrom its usein symmetrymodelinganddetectionin gray-scaléemageanal-
ysis. Patternswith iso-graycurvesbeingstraightparallellinesin a coordinatesystemthat
is harmonic,have previously beenstudiedfor recognitionpurposesanda total leastsquare
algorithm (linear symmetryalgorithm)for their detectionhasbeensuggested|5, 1, 3]. A
pair of harmoniccoordinateshasthe propertyof consistingof transformatiorfunctionsthat
arelocally orthogonatlto eachother The schemefor recognizingary iso-graycurve of a
harmonicpatternconsistsof "smoothing”the squareof thefirst symmetryderiative of the
imagewith a comple filter that resembleghe varioussymmetryderivatives of Gaussians
thatwill be discussedere. The producedvectorfields have a remarkablydifferentsense,
[14], thanthe (edge)orientationfields producedby linear symmetrymethodin Cartesian
coordinates.Dependingon the coordinatesystemchosen,i.e. the filtering that hasbeen
applied,thedirectionsof suchfieldshave interpretationghatincludethe symmetryaxis ori-
entationof a parabolathe degreeof chirality (senseof spirals,circularity versusradiality),
presupposedy [14, 23, 15|, andtherotationangleof across.

In the Cartesiarcoordinatesystemthelinearsymmetrytheoryis themathematicabasis
of creatingdensecomplex vector (tensor)fields representindocal orientationandcertain-
ties of straightlines. Someapplicationsareillustratedby texture [30, 6] andfinger print
analysisaswell asimageenhancemenf{18]. However, whenthe methodis appliedto other
(harmonic)coordinatesystemsfficientimplementatiorbecomes non-trivial issue.For il-
lustration,in Section3, we will elaboratenonesuchcoordinatesystenthatis notCartesian
but yet harmonic.

Early efforts on invariancein patternrecognitionarethe works of [19, 13, 7] although
theirformulationsusemomentsn the spatialdomainandthatthesecouldonly beappliedto
represenglobalshapeof binaryobjects.By contrastthe shaperepresentationis this paper
utilize differentialinvariantsappliedto gray scaleimages.An extensionof the linear sym-
metrytheoryto 3-D andhigherdimensioniasalsobeendone(by [5] andlaterby [24] in the
the Gaborspaceaswell asby [16] in curvilinearcoordinate®f arbitrarydimensions)put
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this hasbeenpossibleonly by usingthe non-commutatie matrix/tensoffields, andnot the
commutatve complex numberfield discussedhere.However, thanksto thecommutatvity of
thecomplex numbers) orientationof multi-orientationtextures,e.g.fishandsnale skin,can
beestimatedvithin anextensionof linearsymmetrytheory [4], ii) thetheresultingcomplex
fieldsgeneratéhe optimalorientation,in thetotal leastsquareerrorsenseexplicitly evenin
the simultaneoupresencef multi orientations.
In imageanalysishe Gaussiariunctionof the 2-D normaldistribution
o2 1 7?2 + 92
g{ }(SC, y) - exp(— 202 ) (3)
andits derivativeshave generallybeenusedwhenconstructingsotropiclinearfilters. A con-
tinuouslinear operatorT canbetranslatedo the discretedomainby representinghe con-
tinuoussignalto be acteduponasa discretesumof shiftedinterpolationfunctionsweighted
by thefunctionsamplesandthenactingonthediscretesum,

Tf(z,y) =Y f;200°Tgl" (@ — zj,y — y;) 4)
j

2mo?

Herethefactor2ro? hasbeenutilizedto normalizethemaximaof theinterpolationfunctions
sothattheseattainthevaluel. Samplingtheresult,whichis continuousresultsin adiscrete
convolution betweerthediscreteémageanda discretefilter obtainedoy samplingT' g, which

becomeghediscreterepresentationf T. In imageanalysisthe useof Gaussianss dueto

their valuablepropertiesjn particularto their:

1. directionalisotropy, i.e. in polarcoordinateshey dependon radiusonly,
2. separabilityin z andy coordinatesand
3. simultaneougoncentratiornn the spatialandthe frequeng domain.

Thesetogethemith theinexpensvenesof floatingpointarithmeticsjncreasinglymale the
Gaussianshe prime choicein Finite ImpulseRespons€FIR) filter implementatiorof the
linearoperatorsincluding edge[29, 10, 9], orientationvectorfields[5, 22], andsingularity
pointsdetectiorscheme$5, 17, 1,2, 11, 3]. Herewe notethatthe”lack” of linearsymmetry
which is measuredsa quotientrelationshipbetweenthe eigenvaluessuggestedn [5], is
identicalto the quotientsuggestedby the cornerdetectionschemesuggestedby [17]. The
linearsymmetriewill bediscussedn somedetailin Section and3.

Thework of [28] providesa valuableinvestigationon statisticsof angulardatawhichis
relatedto issuediscussedh this paper Anotherrelevantcontritution, thoughconnectedo
imagetensorfields andlinear symmetriesat first hand,is the motion estimationtechnique
suggestedy [27]. They usethe inverseof the auto-correlatiormatrix of the first order
spatialpartial derivatives of animagein a context of solving an over determinedequation
system.

Of courseother alternatves to the Gaussiarinterpolatorexist when discretizingcon-
tinuousoperatorse.g. B-splines[31, 20]. These,in particularsplines,arewidely usedin
applications. However whenorientationisotropy and separabilityare of significantvalue,
the non-Gaussiainterpolatorscanonly approximatethe propertieof the GaussiansCon-
sequentlythe Gaussianplay animportantrole evenwhendesigningnon-Gaussiamterpo-
lators, sincetheseinterpolatorsare often desiredto be similar to GaussiansBesidesnter
polation,the Gaussiansreusedin scale[8, 32, 25, 26, 12] analysis.This wide adoptionas
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in imageanalysigtool is, in additionto property3 which producesompacfilters having no
ringing effectscloseto sharpdiscontinuitiesdueto thatthe exponentialfunctionis theonly
continuougunctionhaving propertyl and2:

exp(z? + y°) = exp(z?) exp(y?) (5)

Thisyieldsseparablandtherebyfastimplementationsf FIR filters thatcanoutperformthe
useof FFT in computationakfficiengy.

In thenext chaptemve will presensomepropertief then’th symmetryderivative when
appliedto Gaussiansln Section3 we illustratethesepropertiesn the context of a concrete
application,trackingmarkersin crashtests,anddiscussthe results. In Section4 the main
conclusionswill be presented.

2 Symmetry derivativesof Gaussians

We applythe p'th symmetryderivative to the Gaussiarandcall theresultu{ﬂ"’?}:
2 . o2
plP7 Y (@, y) = (Dy +iDy)Pg" (2, y) (6)

It is clearthatu{f’v"2} can be obtainedby certainlinear combinationsof the ordinary
partial derivatives of a Gaussian.However, thesespecificlinear combinationsyield a re-
markablesimplicity thatwe will expressby atheorem.

First, let usdefinethe polynomial@ as

N-1
=3 " (7)
n=0
whereq is ageneralariablee.g.q = D, + 1D, yieldsadifferentialoperator:
N-1
Q(Dy +iDy) = Y an(Dy +iDy)" ®)
n=0

whereas; = z + iy givesa polynomial:

Q(z +1iy) = nl(z +iy)" 9)

||P12

Theorem 1 Thedifferentialopemtor Dy +iD,, thescalar—%’jﬂ aswellasthepolynomials
of them,acton a Gaussiann anidenticalmanner:

QD +iDy)g" "} a,y) = Q5 +i—3)9" @) (10

In the specialcaseof the p'th symmetryderivative i.e. Q(q) = ¢P, appliedto a Gaussian
theresultyields

2 . o2 T - o?
pPo Y (z,9) = (Dg +iDy)Pg! }(m,y)=(ﬁ+zg_§/)p9{ Ha,y) (11)



Proof

We prove thetheoremby inductionfor the specialcasefirst.

1. Equation(11) holdsfor p = 1.

2. Assume(induction)thatequation(11)is truefor p = pg, for somepy > 1.

3. Then

ot (g, )

2mo?

1

2702

. . z? + y?
(Dg +iD,) (D + Dy exp(~ =)
y w2+y2

(Do +iD,)[(— +i—5 )" exp(— = 5] (12)

202

wherewe indicatedby braclets|] thetermson which the differentialoperatorsact, is
obtainedby applyingtheinductionassumptior{Point2). Consequenthandby using
thechainrule aswell asthelinearity of the partialdifferentialoperatorave obtain,

ul 1o o, )

2mo?

1

2mo?

By repeatedhpplicationsof the algebraicrulesthat govern the differential operators,

we obtain

2 2

. - .Y T +y
[(Dm+1Dy)(?+l§)p°]eXP(— 952 )

ﬂ

(=2 4 i ZY)po[(D, +iDy) exp(—

o2 o2

)] (13)

(14)

u{po-l—l,az}(w’y) — 2[D ( +z—y)1’0+zD ( _g/) ]exp(—xz;w
A P oS
= 27302 (po(;_;l)(;_;c + i;—g)po*l +7I2p0(_—21)(;—2$ + @';_g)m*l) .
xeXp(—$221_2y2) 27302( +1 y)P0+1 xp(—$221_2y2)
= ﬁ(;_;c z;_gl)p(ﬁl exp(—w;;?y )

Consequentlyvhenit holdsfor p = pg, equation(11) will alsohold for p = pg + 1.

Now weturnto thegenerakase

z2 -I-y2

1
D, +1iD
Qe +iDy) 55 2mo? 202

5 €Xp (—

)

1 ' 22 + 42
— 27r02[ an(Dg +1iDy)"] exp(— 5,2 )
n=0
N-1 2 2
1 . z° 4y
= 53 an[(Dy + 1Dy)" exp( 5,2 )]
n=0
N-1
1 -z - 7% 4 y?
= 53 an(? +i— )™ exp( 5,2 )
n=0
e e N % + y?
= QA o2 02 )27r02 D 202 )



in whichthelinearity of thesumsof derivative operatorandequation(11) hasbeenutilizedll

Thatthe Fouriertransformatiorof a Gaussiars alsoa Gaussiarhaswidely beenknowvn
and exploited in computerand information relatedsciences.It turns out that this elegant
simplicity is generalizabl®y useof symmetryderivatives. We stateit in theoriginaltheorem
thatfollows.

Theorem 2 Thesymmetnderivativesof a Gaussiarare Fourier transformednthemselves
ie

F[H{p’ﬂ}](wx,wy) = //u{p’(’z}(w,y)exp(—iwwx—iwyy)d:cdy
= 200%()PuPo (wr, wy) (15)
Proof By takingthe Fourier Transformof equation(11) we obtain

2 2
(Dy +Dy) -+ (D + D) exp(~ ) ()

xp(—

FutNwawy) = Flys

:1:-I-y

. o : . 1
= (iwg +1-iwy) - (lwy +1 - zwy)f[27m (wz, wy)

9 wy +w

(0)P (wg + iwy)Po” exp(—

( )P (—5 )P (—0%wy — iawa)paz exp(—

2r  —i , w2 + w?
= —(—2)p02(Dm+sz)pexp(— $21 y)

= 27T0( ) {p, 2}(ww,wy)

(16)

whichis whathadto be proveril
As animmediateconsequencef thistheoremwe obtainthefollowing lemma

Lemma 1 Thefunctiony (e} with o2 = 1 is an eigen functionof the 2-D Fourier trans-
formwith theeigen-value2r(—:)? i.e.

f[ﬂ{p’l}](wzawy) = 2m(—i)Pp (b1 }(wzawy) (17)

The following theoremstatesthat the corvolution of two symmetrykernelsresultsin
anothersymmetrykernel,with the two symmetryorders,andthe two variancesaddingup
independently:

Theorem 3 thesymmetnderivativesof Gaussiansre closedunderthecorvolutionopeia-
tor. In particular the order andthe varianceparametes add underconvolution.

Iu{phaf} * M{mﬁ%} = M{P1+p2,a%+a§} (18)



Proof Cornvolution in the Fouriertransformdomainreducego anordinarymultiplication:
ptereid g 0203} oy 1 onetd) gy eeosh (19)
Thereforeby using(15) we notethat

_. 1
FlutPt N (ws ) = 2n(Z)Potp

(wg, wy) (20)
a? oy
2 _'L {PZ’L}
Flulr o N(we,wy) = 2n(—5)"0u 7% (wa wy) (21)
2
andform their productby using(11):
‘ — 1 g 1
Flulroeih] . Flutraesh = 2W(U—§)p10?u{pl’“%}(wz,wy) : 27T(G—zz)”0%u{p2"’3}(ww,
1 2
—i 1 w2 + w?
— ro2(— )P (—_g2)P1 i \P1 g2z Yy...
7701(0%) (—07)P (wg + iwy) 27TU%GXP( 01 9 )
—i _ 1 w2 + w?
><27r0%(—2)p2(—a§)p2(ww+zwy)7’22—2exp(—0§ ——)
g5 T,
. . 2 2
—1 —1 . . . wy +w
= (P (G (=ot P (03 (wp + i) P exp(— )
ot” o3 27
1 2
Cancelinghe redundantermsallows usto write the productas
2 2
Fltro D Flut o3l = ()4 (u, + i, )P exp(— 2220
2a%+a§
27 (o2 2 W2+ w2 (—g? — g2)Pitp2
— 7T(‘71‘Ir‘72)(2-)1)1Jr172(wm4_1-%/)pl+pzexp(_ z L y)( of — 03)

2m(0? + 02) (—0? — o2)Prtp2

0’%-}—0’%

1
P (g, ) 23

= 2m(0f +03) (—g——g)" P
—01 — 03
Remembering(19) we now inverseFouriertransform(23) by using(15) andobtain

M{Plﬁ%} * u{pzﬁ%} — M{P1+p2,0%+ag} (24)
thatcompleteghe proofll

Definition 1 Letthescalarproduct,<, >, of two functionsf, g, bothdefinedon the entire
plane be

</fyg >=//f*(w,y)g(w,y)dwdy

. Hereit is assumedhat the integral exists(at leastasa distribution) whentaken over the
entire plane Thenthe comple scalar I,,,

Ipg =< m(z,y), (x + 1) (= —iy)? > (25)

with p and ¢ beingnon-ngativeintegers, is saidto be the comple« momenp, ¢ of the func-
tion m. Theorder numberand the symmetrynumberof a comple& momentare p + ¢ and
p — g respectively

(22)



Thefollowing theoremis statedwithout prooffor the sale of completenesandsincewe
will needit in the next section. It haspreviously beenappliedto the powver spectrumof a
local imagefor the purposeof estimatingthe "orientation” parametepf varioussymmetric
patterns.Here,the orientationparametehasa differentsensedependingon the coordinate
systemit is definedin. We referto [5] for its prooffor line patternsn Cartesiarcoordinates
and[3] for its proof for generalpatternsn harmoniccoordinates.

Theorem4 (Linear Symmetry) Assumehatthe secondorder comple moments/sg, 111,
of a planar real massdistribution, 0 < m(z,y), are finite scalarss andthat the origin is in
themasscenteri.e. I;y = Iy; = 0. Thentheminimuminertia (total leastsquae error) axis
of themassis givenby Iy, andthe correspondingnertia is givenby Apin = I11 — [I2o]:

Ly = <m(z,y),|z +iyl> >= Anaz + Amin
Ly = <m(z,y),(@+iy)> >= Amaz — Amin) exp(i2¢F, )

Here \,,0z, and \,,,;, arethe eigervalgesoftheinertia matrix of themasswheeasyy,  is
the dire_ctionangleof the eigervectork,,,;,, thatcorresponddo \,,;,. Thelinear symmetry
axisis kn,in. Thedirectionof the maximuninertia axisis representedimilarly by —Io:

Iy = (/\maz - /\mm) exp(i2§0l_cmm)

In imageanalysisapplicationsm(z, y) is the power spectrum F(wy, wy)|? whereF is the
Fouriertransformof aspatialpatternf (x, y) andthevariablest, andy aregeneraharmonic
coordinatesln thenext sectionwewill usesuchacoordinatesystento modelcross-mar&rs.
The namelinear symmetryis motivatedby that the theoremenabledgo find the symmetry
axis of the (parallel) straightline patternswhich have a power spectrumconcentratedo a
Diracline.

3 An application: symmetry tracker

In vehiclecrashteststhetesteventis filmedwith ahigh speedcameran orderto quantifythe

impactof variousparameteren humansafety including mechanicatonstructionaccident
types,and humanbehaior. A significantaid in this processhasbeenthe quantification
of the testeventsby trackingthe moving objectsaccurately To that end specialmarkers

have beenpaintedor sticked to objects,e.g. the body partsof a humanmodel. A common
marler is the "cross” which allows to quantify the planarpositionof an objectaswell as

its planarrotationin individual frames,seeFigurel. Recentlyaccurateautomatictracking

of objectsin digitizedimagesequencehasattractedsignificantinterestfrom performersof

the tests. This sectiondescribeshow linear symmetrytheoremtogetherwith the theorems
on symmetryderivativesof Gaussiansallowed areal-timeimplementatiorof crosstracking

via afiltering schemeahathasbeenin usesince1997but unpublisheduntil now.

3.1 Model: linear symmetry in hyperbolic coordinates

The crossmarlkers hasto be tracked acrossnumeroudrames(in the order of hundredsto
thousandspf high resolutiondigitized films, so that the tracking hadto be robustin the
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Figurel: Thefirst frameof animagesequencén which crossmarkersshouldbetracked.
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sensehat detectionshouldbe rapid (preferablynearreal-time)and precisein every frame
despitesignificantrotationand changeof contrast. To thatend,the crosspatternhasbeen
modeledvia the hyperbolicpatterns:

sin(20) (2% — y?) — cos(20)2xy = Constant (26)

wheref istheanglerepresentinghedirectionof anasymptote By changing theorientation
of thecrosspatterncanbecontrolled,seeFigure2 and3. However, theangled is notunique.
Dueto the 4 folded symmetry ary of theanglesg, 6 + 7, 6 + %T" andf + 3@% areequally
goodrepresentationef the crossorientation. Insteadthe crossorientationcanbe uniquely
representedly 460 wheref is theanglerepresentingury of the four directionsdefinedby the
two asymptotes.In otherwords, 46, or cos(46), andsin(460) arethe unknavn parameters
of the orientationdeterminationproblem. This problemis equivalentto fit a line to the
iso-cunesof a candidatdmage,expressedn the hyperboliccoordinatesystem Figure3:

¢ = -y (27)
n = 2y (28)

Any 2-D patterngeneratedy the one dimensionalfunction f(¢) via the substitutiont =
al + by
f(a(z® — y?) + b(2zy)) (29)

will have two hyperbolicasymptotegcenteredat the origin of the currentneighborhood)
possessing preciseorientationdeterminedoy tan ' (—b,a). The ¢,  coordinatesystem
aboveis harmonicsincethecurvesgeneratedby ¢ = constant; areorthogonato thosegen-
eratedby n = constanty. Theiso-graycurvesof patternggeneratedby Equation(29) consist
of (parallel)straightlinesin the hyperboliccoordinates The onedimensionafunction f is
allowedto have discontinuitiese.g.the stepfunction

1, ift>0;

0, otherwise. (30)

) =xt0 = {
is permitted sincethelinearsymmetrytheorendoesnot putrestrictionsonthe’mass”m, in
our casethe enegy of the Fourierspectrum F'|?, otherthantheintegralsmustexist finitely,
i.e. theenegy mustbefinite.

Thechoiceof thefunction f asthestepfunctiony, incidentallygenerateanexactmodel
of the cross-patternasedin the crashtests,Figure2. Consequentlyhe correspondinglgo-
rithm finding linearsymmetryorientationwill beexactevenfor idealcrossmarkersasfaras
their positionsandorientationsare concernedlespitethatthe crossesarethe asymptote ®f
the hyperboliccoordinataransformationsisedin the model.

Theproblemof linearsymmetryorientationestimatioris the sameasthatof fitting aline
to the power spectrunof the patternexpressedn (¢, 7) coordinatesystem.This is because,
regardlesf f, thepower spectrunof f(a& + bn) is concentratedo aline, namelys (bwg —
awy,) Wherew; andw, arethe frequeng variablesof the Fourier transformationwhich is
takenw.r.t. the variables¢ andz. To be precise,in the ideal caseof existenceof perfect
linear symmetrythe particularonedimensionalf thatgenerateshe hyperbolicpatternhas
no influenceon the directionof the enegy concentration.In the non-idealcase,F will of
coursenot be perfectly concentratedo a line but will have a certainspread,influencing
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Figure2: Theideal modelof a crossmarker obtainedby x(sin(26)¢ — cos(260)n). On the left

¢ = 0 ontheright§ = % is displayed.

the certaintyandthe accurag of the orientationestimation. For exampleary hyperbolic
patternwith anasymptoticdirection = £ hasanenegy thatis concentratedo the same
obliqueline illustratedin Figure3 bottom-right. As a consequencef this the enegy of the

ideal cross-margr in Figure 2-Right, will be confinedto the sameobliqueline of Figure

3-Bottom-Right. For the purposeof fitting a line to the power spectrumof a candidate
patternwewill make useof Theoremd. It will enableusto dothefitting withoutcoordinate
transformation®r Fouriertransformationgn thesecoordinates.

3.2 Implementation and experiments

By using the Pars&al theorem,i.e. the scalarproductsare consered underthe Fourier
transform,and the linear symmetrytheoremwe can solve the line fitting problemin the
spatialdomain(firstin the¢, n coordinatesystemandthenin thez, y coordinatesystemby
substitution) via by the equations,

Iy = / / (D +iDy) f)2dédn = / / z —iy)® Dy +iD,)f)dzdy (31)

|z — i yl2
= [ [10e+ip)sidin = [ [ (D +iD,)s P dsdy (32)

wheref is the (local) spatialimage,which only in theideal caseis a onedimensionafunc-
tion of thetype given by Equation(29). However, if f happendo conformto Equation(29)
thenthefit will bewithouterror. In theseequationgheargumentof Iy, yieldstheorientation
of the cross 40, whereaghe magnitudeof I is the differencebetweerthe largestandthe
leastsquareerror The I, is areal scalarthatis non-ngative andit representshe sumof
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thelargestandtheleastsquareerrorin thefit. As aconsequencef this, theideal caseof a
fit withouterrorwill beindicatedby |Iyg| = I11.

Theerrorwhich is invariantto rotationof the crossmarker, will be usedto estimatethe
position parameter In orderthat a machinevision systemcan determinethat the lowest
achieved errorin the currentimageis small, oneshouldhave anideaof whata large error
is, givenanimage.Herethis couldbeachiered by comparingheleasterrorwith thelargest
error, via | Is| sincein anunsatiséctoryfit therewould notbealarge differencebetweerthe
bestandtheworstfit. Therefore\,,,.. — Amin Couldpotentiallybe usedasthelikelihoodor
the certaintyfor the currentimageto be a cross-patternHowever, this likelihood measure
is not goodenoughfor the needsof our tracker which hasto beinsensitve againstcontrast
variancef the crossmarler. Thisis because|ly| still dependn thetotal enegy of the
power spectrumge.g. if m in (25) increasewith a multiplicative constant(C' - m, sodoes
|I20|. Herewe have used

)\mam - Amin |I20|
C, = = <1 33
)\max + Amin I 1 ( )

which attainsits maximumvalueif andonly if \,;, = 0, asthe likelihood (certainty)
of a cross-mar&r position. It is of coursepossibleto constructother similar measureby
using Amin, and A\,4. providedthatsuchanexpressionis invariantto rotationandcontrast
changesNeighborhoodshat containcrossmarkershave highercertaintiesascomparedo
thosewhich do not. Thisin turn allows to track crossmarlers.

In orderto computelyy andl;; thesquareof thefirst symmetryderivative is neededThe
first symmetryderivative canbe obtainedvia corvolutionsif Gaussiangreassumedo be
the interpolationfunctionswhenrepresentinghe continuousmage f (z, y) via its samples

fr = f(or, yp):

(Dz + ‘LDy)f(-T,y) = (Dz + ’LDy) Z f(xk,yk)27ro'%g{gl}(x — Tk, Y — yk) (34)
k
= 2707 Y f(@k, k) (Do +iDy)g' "} (z — zpy — i) (35)
k

= 2mo} Z F@ry) @ — 2y — w) (36)
%

Consequentlyhefirst ordersymmetryderiative discretizedon the original grid is given by

(Dz +iDy) f(z,y) = 2707 Y f @k, ye) i (@rop, yik) (37)
P

= 2707 Z o (g, i) £ (- Yi—k) (38)
%

whichis anordinaryconvolution of theoriginalimagewith thediscretekernelu {101} (zy,, ).
Becausf their separabilitycornvolutionswith suchkernelscanbeimplementedefficiently
asacascadef 1-D corvolutions.

Thefunctionh(z,y) = ((Dy + iDy) f)? is non-linearin f andit will bereferredto as
the InfinitesimalLinear Symmetry(ILS) image. This is computedasa point-wisesquaring
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Figure3: The patterndllustratingiso gray curvesthatmodelcrossmarkers. They areobtained
by cos(ﬁ—%(sin(?ﬁ)(ﬁ —y?) —cos(260)2zy)) wherethespatialmeasurementnitin bothx andy
directionsis the horizontalsizeof theimage.Thefunctioncos is herechoserfor corvenienceas
it illustrateseffectively thethe non-linearcoordinateransformation(27—28).Ontop-leftd = 0,
andonthetop-rightd = ¢ aredisplayed.Thebottom-leftimagerepresentthe mapping(27-28)
appliedto theimageon top-rightwhereaghe bottom-rightimagerepresentshe modulusof the

Fouriertransformof the bottom-leftimagetakenin &,  coordinates.
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appliedto (36) whichin thediscretecaseds approximatedby applyingthe pixel wisesquaring
ontheoriginal grid: i.e. by squaring(38):

h(zi,y1) = (Dg +iDy) f(zi,m))* = (2707 ZM{ T (zk, yk) £ (@1—k, Yi-k))(39)

Onasufiiciently densemagegrid, h(z, y) toocanbereconstructetomits samplesi(z;, y;),
2
h(.’L‘, y) = 271-0-% Z h(‘rka yk)y’{o’al}(m — Tk, Y — yk) (40)
k

In practiceour taigetimageis a neighborhoodn a large imageso thatwe mustusea win-
dow functionw(z, y) thatextractsthe effective neighborhooddirectly from the ILS image
h, sincethis is alreadyavailablefor all pointsof the large imagevia (39). Thusw needs
essentiallyto be zero outsideof a supportareathat definesthe local image. With this in
mind, Iy, is obtainedas

Boe' ) = [ [ET D e e~y )y (41)
o — iyl
wherew is a window function that definesthe neighborhoodaroundthe origin. In thein-
tegrandh is shiftedin sucha way thatthe local imagearound(z’, y'), the currentpoint, is
alwayscenterechttheorigin.
Concerninghewindow function,thereis roomfor flexibility asthisis adesignparame
ter. Herewe choosét as

w(z,y) = me(a® +1y2)ul" (z,y) (42)
Themotivationsbehindthisinclude:

1. It effectively suppressethetheorigin asinformationprovider for crossdetection.The
centerof a crossis the only point which hasnot a uniqueorientationassociatedvith
it, causinga singularityin orientationdeterminationThe constantre normalizesw so
thatits maximumis 1.

2. It extractsthe neighborhoodotationsymmetrically

3. It givesadiscretecross-trackindilter thatallows implementationsvith separabld.-D
convolutions. Thisis shavn herenext.

4. Themaximumof thewindow functionis attainedon a ring with radiusy/20- thatcan
be shiftedwith thedesignparametetr,.

By substituting(40) in (41) andutilizing (42) oneobtainslyy(z',y') as

T —1y 2
Io(a',y") —27701271 (Tks Yk //|x+zy|2 T, y)p {001}(37 —z —ap,y —y — yr)dady

ot S )
k

r —1
// 22 +Z e(@® + 4" ul07 (2, ) (@' — & — 2y, —y — y)dody
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= 2n’eat ) h(wk,ye) / / (z —iy)*n D (@, D (@' — 2 —ap,y —y — ye)dady
k

T —1 2 2
—2neat S haeu) [ [ o0 @)D @ oy~ y - ye)dady
k 2

= 2W260f032h($k,yk)//u 23t (@, ) pt®1H (@ — = 2y, — y — yi)dady
k

2 2
= 2n%eatoy hlak, yp) (W27 5 plO) (@) — iy, g — )
k

2 2
= 2r’eatoy Y h(zk, yp) BT (@ — m,y — )
k

Here(43)is obtainedby utilizing Theoreml and(45) is obtainedby utilizing Theorems3.
Equation(45) canbe computedon the discretegrid of the original imageby the substi-

tution (‘T,,yl) = (xlayl) :

2 2
Ig(ai,y) = 2m’ecios »  hlwk, ye)u* P12} (@ — ap, y — yi)
P

= 2n%eatoy(hx w0 ) (ay, ) = (hx s) (a1, ) (46)
whichis anordinarycorvolution of thediscreteh with the discretefilter s:
s(wy) = 2n’eotou™ 2ot (g, y) (47)

Sincethemaximumof |u*{271+3}| is (re(02 4 02)?)~" andit is attainedat theradius

ro = /73 + 43 = /2(0% + 3, (48)

themaximumof |w| is alsoattainedat the sameradiuswhich effectively determineshering

in whichtheinformationis mostinfluentialasit comego estimatehecrossfitting errorsand
the optimal orientation. Although not essentiafor our application,sincewe have contrast
invariantlikelihoodson which filter heighthasno influence ,we notefor completenesthat
the maximummodulusof thefilter (attainedonthering ry) is

=

|so| =27 (49)

G+ %P
Sincewe assumedhat o; controlsthe interpolationfunction and o, controlsthe window
function it follows thatin practicewe have o; << o9. This in turn resultsin that the
maximummagnitudeof thefilter is determinedy the parametet;, see(49), andtheradius
of themaximumis determinedy o, see(48).

Filtering with s canbeimplementedasthe sumof 3 separabldilters since

. 2 2
*{2,02+02} = LW y2 _xil _yil
7 )(.Tl,yl) (O'% + O'%) eXP( 2(0_% + O'%) ) eXp( 2(0_% + 0_%))

z? — y? + i2zy i [

) exp(—=—-—-) (50)

- - 2(of +03)

(0% +03)? 2(0f + 03)
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Here,we notethat, a filtering schemehat makes useof filters similar to that of Equation
(50) hasrecentlybeensuggestedby [21] without the symmetrypropertiesof the Gaussian
derivatives.

With ananalogouseasoningnearrivesatthat 1 (z;,y;) yields

In(zy) = 2n%eolon(|h] * |w*oito8) (@, ) = (1] * |s)) (@, y)  (51)

which is anordinarycorvolution of the discrete|z| with thediscretefilter |w|. Thediscrete
functionsh ands aredefinedasbeforei.e. via (39) and(47) respectiely. Filtering with |s|
canbeachiered with 2 separableorvolutionssince

2
]
2(0% + og
2 2 2
r“+y T Y
exp(—
(07 +03)? 2(0? + 03)

*{2,0’%—1—0’%} T — |$_Zy| 26X _
|/1‘ ) layl)| (O'%—{—O'%) p(

Finally, thelocal maximumof therelative certainty asdefinedby (33)is usedin orderto
tracka crossfrom oneimageframeto the next. It is worthto notethatin C,. bothnominator
anddenominatowusefilters andimageswith identicalmoduli sothatnominatorcanat most
producea complex numberwith a modulusequalto the denominatqrwhich is alwaysreal.
Thisis exactly whathasbeenpredictedby the continuougheory (33).

Togethertheequationg38), (39), (46) and(51) definea filtering schemdhathave been
implementedby meansof separableconvolutions and pixel wise comple squaringin an
attemptto provide a robust and fast tracler for crosspatterns. The schemeemploys the
discretizedu*{Po”} and|y*{P:o"}| asfilterswhich weretruncatedvhenthey hadreached.5
% of theirmaximain orderto obtainFIR filters. Thesizeof thefilters, controlledby o, were
variedin suchaway thatthey yieldeda 9x9 filter in the corvolution devisedby (38) anda
30x30filter in the convolutionsdevisedby (46) and(51).

Thecurrentalgorithmhasbeentestedn numerousrashtestsequencesA typical result
of the crossmarler recognition,superimposedo the original image,is shavn in Figure
4 without orientationparametemodulation. We would like to point out that, the usersare
currentlylessinterestedn orientationestimatiorthanorientationinvariantpositiontracking.
A zoomedversionof the sameimageis neverthelesshawvn in Figure5 with the estimated
orientationgnodulatingthe orientationsof the crossesThe z andy coordinatef Point1,
areshowvn in Figures6 and?.

Thequality of both positionandorientationparameteri all framesof this sequencas
well asothersequenceweresimilar to theframeshawvn here,thefirst in a sequencef 293
frames. The trackingwasfacilitatedby that, a searchwas madewithin a neighborhoodf
analready(automatically)found marlker. In thefirst frame,the userdefinestheregion(s)of
interestin which markershave to befoundandtracked automatically In nearlyall inspected
casesthe crossmarlers could be tracked rokustly including the longestimage sequences
in the orderof a thousand®f frames. The algorithmlosesthe track of a marker whenthe
contrastevel of acrossis extremelypoor, dueto speculareflection,very poorillumination,
or very stronglight.

Alternativesto this approachwerealsoconsideredin particulara setof 4 Houghtrans-
forms fitting 4 individual lines have beentested. Another approachthat was testedwas
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Figure4: Thefigureillustrateswith dravn crossesthetracked marker positions.
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Figure5: Thefigureillustratesthe zoomedmagesuperimposedith rotatedcrossesllustrating
the positionsandorientationsof thetracked markers.
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Figure6: Thefigureillustratesthex coordinate®f thetrackedmarker positionsof Point1 across

theimagesequence.

correlationusing the last found crossmarker as a template. This was deemedo be rea-
sonablesincethe sequencebave high temporalsamplingfrequenciesin both alternatves,
the performancen termsof sustainedrackingwith high positionaccuraciesverehowever
inferior to the symmetrytracker describedchere. In the caseof correlationthe orientation
parametewasnot possibleto estimate.

4 Conclusion

We have exposeda comple derivative operatorthatwe calledsymmetryderivative in con-
nectionwith Gaussiarnnterpolationfunctions. In 3 novel theoremswye have exposedsome
propertiesof thisoperatotthatareof practicalimportanceo 2-D signalprocessingWe have
presenteénexploitationof thesepropertiesvhentrackingcrossesn longimagesequences
andhave illustratedthemwith implementatiorissuesaswell asexperimentakesults.

Basedon this, we think that the symmetryderivatives can be usefulin other contets
thanthe onethathasbeenpresentedhere. Onesuchcontet is detectingothersymmetrical
patternghancrossese.g. circles,radial patternsetc. This canbe donereadily within the
thetheorypresentedn [3], whichis anextensionof the GeneralizedHoughtransformwith
comple votes,andin analogywith theimplementatiorsuggestedhere.

As in our exampleapplication,cascadesf generalinearoperatorsandpixel wise poly-
nomial operationscanbenefitfrom symmetryderivatives of Gaussiansincethesecanbe
realizedby discretecorvolutionswith the symmetryderivativesof Gaussians.
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Figure7: Thefigureillustratesthey coordinate®f thetrackedmarker positionsof Point1 across
theimagesequence.
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